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In this work, the s-wave, p-wave and d-wave holographic superconductors in the Horˇava-Lifshitz
gravity are investigated in the probe limit. For the present approach, it is shown that the equations
of motion for different wave states in Einstein gravity can be written into a unified form, and
condensates take place in all three cases. This scheme is then generalized to Horˇava-Lifshitz gravity,
and an unified equation for multiple holographic states is obtained. Furthermore, the properties of
the condensation and the optical conductivity are studied numerically. It is found that, in the case of
Horˇava-Lifshitz gravity, it is always possible to find some particular parameters in the corresponding
Einstein case where the condensation curves are identical. For fixed scalar field mass m, a non-
vanishing α becomes the condensation easier than in Einstein gravity for s-wave superconductor.
However, the p-wave and d-wave superconductors have Tc greater than s-wave one.
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2I. INTRODUCTION
The black hole is one of the most intriguing subjects in physics. The discovery of thermal Hawking ra-
diation and subsequent black-hole thermodynamics have led to a profound impact on the understanding of
quantum gravity, by unifying the theories of gravity, quantum mechanics, and statistical physics. Moreover,
the anti-de Sitter/conformal field theory (AdS/CFT) correspondence establishes a relationship between the
theory of quantum gravity in n+1 dimensional AdS spacetime and the conformal field theory on the n dimen-
sional boundary[1–3]. The strong-weak nature of the conjectured duality indicates when the quanta of the
conformal field theory are strongly coupled, those in the gravitational theory are weakly interacting, and thus
become more accessible mathematically. Therefore, the AdS/CFT correspondence provides us a potent tool
to investigate a strongly interacting system via the study of its classical dual theory with weak coupling. In
particular, the dual gravity system can be approximated by general relativity where the notion of temperature
is achieved by that of the Hawking radiation of the black hole in the bulk.
Following Maldacena’s pioneering insight in 1997 [4], many different implementations of the AdS/CFT
correspondence have been discovered. The study of the s-wave superconductor was first realized [5, 6] by
introducing a complex scalar field coupled to a U(1) gauge field in an asymptotically AdS black-hole back-
ground. It is justified as one tunes the temperature and/or chemical potential, the gravitational system might
become unstable. Eventually, this leads to the emergence of additional “hair” in the bulk, when the scalar
field acquires a nonvanishing vacuum expectation value. The latter is translated into the condensation of
a composite charged operator in the dual lower dimensional field theory, which corresponds to the super-
conducting phase transition in question. As the phase transition takes place, the global U(1) symmetry on
the boundary is spontaneously broken as described phenomenologically by the Ginzburg-Landau theory. It
was shown that this simple holographic setup indeed captures the key features of condensation and optical
conductivity observed in real superconductors.
Subsequently, many holographic superconductors were proposed by providing various solvable models of
strongly coupling high-temperature superconductivity. The s-wave holographic superconductors were extended
and investigated by many authors [7–33]. Moreover, studies have further generalized the model to describe
superconductors with different wave states. This is genuinely interesting since the superconductivity in high-
temperature cuprates is well-known to be d-wave type [34]. The p-wave and d-wave superconductor models can
be constructed by introducing vector and spin two fields in the place of the scalar field. The models of p-wave
superconductor mainly include the SU(2) Yang-Mills p-wave model [35], the Maxwell-vector p-wave model [36]
and the helical p-wave model [37]. On the other hand, the d-wave superconductor can be implemented by the
CKMWY d-wave model [38] proposed by Chen et al. There, the authors tackled the problem with a minimal
action consists of a symmetric, traceless second-rank tensor field and the Maxwell field in the background
of the AdS black-hole metric. The system is found to be superconducting in the DC limit but has no hard
gap. By analyzing the coupling terms of the action in more details, the d-wave model was also extensively
investigated by other authors [39–45]. For reviews on holographic superconductors, see for example [46, 47]
and the references therein.
3Owing to the difficulties in renormalization of general relativity, Horˇava [48] proposed Horˇava-Lifshitz theory
to cope with the problem by explicitly breaking the Lorentz invariance. In this theory, space and time are no
longer symmetric and satisfy the following foliation-preserving diffeomorphism,
t′ = f(t), x′i = ζi(i, xk), (i, k = 1, 2, 3) (1.1)
In order to be consistent with the experimental observations, the breaking of Lorentz invariance is negligible
in the lower energy region where the theory restores general relativity. After Horˇava-Lifshitz theory was
proposed, it encountered various challenges. By introducing a scalar U(1) gauge field and weakly broken
detailed balance condition, problems such as ghost mode, instability, and strong coupling have been solved
[49]. The redundant higher order terms in the action were also successfully removed [50–52], and therefore
the prediction power of the theory was improved. By calculating the classical limit of the model, the post-
Newtonian parameters were obtained in accordance with all the existing experimental data in the solar system
[51]. Therefore, it is interesting to explore the properties of the dual holographic superconductors, particularly
that of the d-wave state.
The present study involves an attempt to study the d-wave holographic superconductor for modified gravity
following the CKMWY model. In our work, we assume minimal coupling between the massive spin-two field
and the Maxwell field. It is shown that the equations of motion for different wave states can be written into an
unified form, and condensates are found to take place in all three cases. The above scheme is then generalized
to the Horˇava-Lifshitz theory.
The paper is structured as follows. In the next section, we review the s-wave, p-wave, and d-wave holographic
superconductors in the Einstein gravity. The Maxwell-vector model is adopted to describe the p-wave state,
while a massive spin-two field with minimal coupling is utilized to model the condensate in the d-wave
superconductor. In our approach, it is shown that the equations of motion can be rewritten into an unique
form by a particular choice of Ansatz for the perturbative field and by properly redefinition of the matter
fields. In section III, the model is generalized to investigate the dual superconductor in Horˇava-Lifshitz theory.
The condensation curve and the optical conductivity are calculated numerically. A semi-analytical result for
the condensation curve and critical temperature are obtained and discussed. The qualitative behavior of the
dual superconductor is discussed. The concluding remarks are given in the last section.
II. HOLOGRAPHIC SUPERCONDUCTORS OF DIFFERENT WAVE STATES IN EINSTEIN
GRAVITY
In this section, we first study the holographic setups of s-wave, p-wave and d-wave superconductors in
Einstein gravity, which has been widely investigated in the literatures. Furthermore, it is shown that the
equations of motion can be rewritten into an unified form by an appropriate choice of Ansatz and redefinition
of the fields. It is noted that the r component of Maxwell’s equations usually implies that the phase of the
matter field must be constant. Therefore, without loss of generality, we take the matter field to be real from
now on. Also, in this work, we only consider the probe limit and ignore the backreaction on the gravitational
field.
For the s-wave holographic superconductor, the bulk action of the matter fields proposed in [5] can be
4written as
SS =
1
16piG
∫
d4x
√−g [LF + LS + LCS ] (2.1)
with
LF = −1
4
FµνF
µν , LS = − (∂µΨ) (∂µΨ) , LCS = −
(
q2AνA
ν +m2S
)
Ψ2. (2.2)
where Fµν = ∇µAν −∇νAµ is the strength of Maxwell field and Ψ is the scalar field with the mass mS . We
consider a four dimensional planar black hole background as
ds2 = −f(r)dt2 + dr
2
f(r)
+ r2(dx2 + dy2). (2.3)
We take the Ansatz for the matter fields, Ψ = ψS(r) and Aν = δ
t
νφ(r). By using the variational principle, the
action gives the following equations of motion
ψ′′S +
(
f ′
f
+
2
r
)
ψ′S +
(
q2φ2
f2
− m
2
S
f
)
ψS = 0, (2.4a)
φ′′ +
2
r
φ′ − 2q
2ψ2S
f
φ = 0. (2.4b)
In order to study the conductivity, we consider the perturbation of the Maxwell field Aν =
δxνAx(r) exp(−iωt) and obtain
A′′x +
f ′
f
A′x +
(
ω2
f2
− 2q
2ψ2S
f
)
Ax = 0. (2.5)
By solving the above Eqs.(2.4a) and (2.4b), one can study the phase transition of the s-wave holographic
superconductor through the condensation of the scalar field. The coupled Eqs.(2.4-2.5) determine the cor-
relation function of s-wave holographic superconductors. The perturbation equation of the Maxwell field,
Eq.(2.5), can be evaluated using the obtained solution of Eqs.(2.4a) and (2.4b), and is used to explore the
conductivity of the superconducting state.
To study the p-wave holographic superconductor, various approaches have been proposed. Among others,
they consist of SU(2) Yang-Mills p-wave model [35] with non-Abelian vector field, Maxwell-vector p-wave
model [36] and the helical p-wave model [37]. In this paper, we make use of the Maxwell-vector p-wave model
with the following action
SP =
1
16piG
∫
d4x
√−g
[
−1
4
FµνF
µν −m2Pρµρµ + iqγρµρνFµν
−1
2
(∇µρν −∇νρµ + iqAµρν − iqAνρµ) (∇µρν −∇νρµ − iqAµρν + iqAνρµ)
]
=
1
16piG
∫
d4x
√−g [LF + LP + LCP ] , (2.6)
where LF is defined above in Eq.(2.2) and
LP = −1
2
(∇µρν −∇νρµ) (∇µρν −∇νρµ) , LCP = −
(
q2AνA
ν +m2P
)
ρµρµ + iqγρµρνF
µν , (2.7)
where mP is the mass of the vector field ρ
µ. By taking ρµ = δ
x
µρx(r) and redefining ρx = rψP , the action
Eq.(2.6) leads to the following equations of motion for the matter fields in the background metric Eq.(2.3),
ψ′′P +
(
f ′
f
+
2
r
)
ψ′P +
(
q2φ2
f2
− m
2
P
f
+
f ′
rf
)
ψP = 0, (2.8a)
5φ′′ +
2
r
φ′ − 2q
2ψ2P
f
φ = 0, (2.8b)
A′′x +
f ′
f
A′x +
(
ω2
f2
− 2q
2ψ2P
f
)
Ax = 0. (2.8c)
Comparing Eqs.(2.8a), (2.8b) and (2.8c) with Eqs.(2.4-2.5), one observes that Eqs.(2.8b) and (2.8c) are
exactly the same as Eq.(2.4b) and (2.5). There is some small difference between Eq.(2.8a) and Eq.(2.4a),
which will be further discussed below.
Now we turn to the d-wave holographic superconductor. Following the CKMWY model [38], a second rank
tensor Bµν is introduced in the background metric. The resulting action reads
SD =
1
16piG
∫
d4x
√−g [LF + LD + LDS ] (2.9)
where
LD = − (∇γBµν) (∇γBµν) , LDS = −
(
q2AµA
µ +m2D
)
BµνB
µν (2.10)
To obtain the equation of motion, we consider the following Ansatz for the tensor field
Bµν = (δ
x
µδ
x
ν − δyµδyν )
r2√
2
ψD(r). (2.11)
By using the variational principle, the resulting equation of motion for the proposed action, Eq.(2.9), in terms
of ψD, φ, and Ax, read
ψ′′D +
(
f ′
f
+
2
r
)
ψ′D +
(
q2φ2
f2
− m
2
D
f
− 2
r2
)
ψD = 0, (2.12a)
φ′′ +
2
r
φ′ − 2q
2ψ2D
f
φ = 0, (2.12b)
A′′x +
f ′
f
A′x +
(
ω2
f2
− 2q
2ψ2D
f
)
Ax = 0. (2.12c)
Again, in the above equations of motions, Eq.(2.12b) coincides with Eq.(2.4b) for the s-wave state (or
Eq.(2.8b) for the p-wave mode), and Eq.(2.12c) is exactly Eq.(2.5) for the s-wave state (or Eq.(2.8c) for the
p-wave case). The only difference exists between Eqs.(2.4a), (2.8a) and (2.12a).
Now, it is straightforward to rewrite the Eqs.(2.4-2.5), (2.8) and (2.12) into an unified form as
ψ′′ +
(
f ′
f
+
2
r
)
ψ′ +
(
q2φ2
f2
+ Vs(r)
)
ψ = 0, (2.13a)
φ′′ +
2
r
φ′ − 2q
2ψ2
f
φ = 0, (2.13b)
A′′x +
f ′
f
A′x +
(
ω2
f2
− 2q
2ψ2
f
)
Ax = 0. (2.13c)
where the effective potential is
Vs(r) = −m
2
f
+ s(2 − s) f
′
rf
− s(s− 1)
r2
. (2.14)
6Here, s = 0, 1, 2 correspond to s-wave, p-wave, and d-wave holographic superconductors, respectively. From
the Eqs.(2.13a, 2.14) the BF bound can be obtained for each wave state. For a Schwarzschild-AdS4 black hole,
for example, the BF bound for the three wave states result in
m2BF = −9/4 + 5s− 3s2. (2.15)
Thus, the wave state of the superconductor changes this important limit in AdS/CFT correspondence. From
the Eq.(2.15) we have m2BF = − 94 for s-wave, m2BF = − 14 for p-wave and m2BF = − 174 for d-wave. Therefore,
a p-wave superconductor allows more negative squared mass for the scalar field.
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FIG. 1: Behaviour of Vs for a Schwarzschild-AdS4 with rh = 1 in the three different wave states.
In Fig.(1) one can see that around the event horizon Vs is always positive for the three wave states in the
BF bound and it falls faster for s-wave than the other wave states when r goes to infinity. For positive values
of m the potential Vs becomes negative for the three wave states.
III. HOLOGRAPHIC SUPERCONDUCTORS IN HORˇAVA-LIFSHITZ GRAVITY
In this section, we generalize the study of various holographic superconductors in the previous section to
the Horˇava-Lifshitz gravity. It is interesting to see how the breaking Lorentz invariance with U(1) gauge
symmetry may affect the properties of the superconductors. We note that the Horˇava-Lifshitz gravity has
been employed to investigate the s-wave holographic superconductors in [53, 54], also other applications of
the AdS/CFT correspondence in condensate matter physics have been carried out [55–57]. In what follows,
we extend our previous study to the p-wave and d-wave states while rewrite the equations of motion in an
unified fashion.
A. An unified equations of motion for holographic superconductors
Due to the breaking of the symmetry between time and space in Horˇava-Lifshitz gravity, it is convenient to
describe the four dimensional spacetime in terms of the ADM metric[58]
ds2 = −N2dt2 + γij
(
dxi +N idt
) (
dxj +N jdt
)
, (3.1)
7where i, j = 1, 2, 3, or equivalently, one has
gµν =
(
g00 g0j
gi0 gij
)
=
( −N2 +NkNk Nj
Ni γij
)
, gµν =
(
g00 g0j
gi0 gij
)
=
(
− 1N2 N
j
N2
Ni
N2 γ
ij − NiNjN2
)
. (3.2)
In order to deal with a set of difficulties in HL gravity such as, strong coupling, instability, ghost mode and
redundant parameters, it is found in [52] that one may introduce a field A with U(1) gauge symmetry such
that the action reads
S =
1
16piG
∫
dtd3xN
√
γ [LK − LV + LA + Lϕ + LS + 16piGLM ] , (3.3)
where
LK = KijKij − λK2, LV = 2Λ− β0aiai + γ1R+ LHV ,
LA = A
N
(2Λg −R), LS = A−A
N
(
σ1aia
i + σ2a
i
i
)
. (3.4)
Here LHV represent the higher energy part of LV , and the coefficients λ, β0, γ1 σ1 and σ2 are all constants. A
and Lϕ are the functions of ϕ. One can choose the gauge ϕ = 0 to eliminate these two terms. The term LM
is for the matter fields, which vanishes in the vacuum. Under these conditions a planar black hole solution of
this HL gravity possesses the following form
N =
√
f(r), N i = 0, A = A0
√
f(r), γij =

 1f 0 00 r2 0
0 0 r2

 , f = r2 − r3h
r
(3.5)
with β0 = 0, c1 = c2. Here we have chosen Λ = Λg = −3 without loss of generality.
In what follows, we study the holographic superconductor in the background metric of Eq.(3.5) in the probe
limit. Since Eq.(3.5) does not consider the higher energy sector in the action, we will restrict our present
study at the lower energy sector. According to [53], the Lagrangian for the matter fields read
L¯F = −1
4
{
− 2
N2
γij
(
F0i − FkiNk
) (
F0j − FljN l
)
+
(
1 + η0 + ηA
A
N
)
FijF
ij
}
,
L¯S = −
{
− 1
N2
[
∂tΨ−Nk∂kΨ
]2
+
(
1 + α0 + (αA − αB)A
N
)
(∂iΨ)
(
∂iΨ
)
+ αA
Ψ
N
Ak∂kΨ+ α0Ψa
i∂iΨ
}
,
L¯P = −1
2
{
− 2
N2
γij
(
ρ0i − ρkiNk
) (
ρ0j − ρljN l
)
+
(
1 + ξ0 + ξA
A
N
)
ρijρ
ij
}
,
L¯D = 1
N6
(
H0 −N lHl
)2 − γij
N4
HiHj − 2γ
lk
N2
[
1
N2
(Hl0 −NmHlm) (Hk0 −NnHkn)− γijHliHkj
]
+2EijkDkBij + E
ijkEijk +
(
1 + γ0 + γA
A
N
)
(DkBij)
(
DkBij
)
,
L¯CS = −
[
m2S + q
2(At −NkAk)2 +
(
1 + α0 + (αA − αB)A
N
)
AiA
i
]
Ψ2,
L¯CP = −
[
m2P + q
2(At −NkAk)2 +
(
1 + ξ0 + ξA
A
N
)
AiA
i
] [
− (ρt −N
kρk)
2
N2
+ τ0ρ
iρi
]
+iqγ
[
γ¯
(
ρt −Nkρk
)2
N4
N iN j + γ˜
ρt −Nkρk
N2
(
N iρj +N jρi
)
+ ρiρj
]
Fij
L¯CD = −
[
m2D + q
2(At −NkAk)2 +
(
1 + γ0 + γA
A
N
)
AiA
i
] [ ι0
N4
(
B00 − 2B0kNk +BijN iN j
)2
+
2ι
N2
γij
(
B0i +BilN
l
) (
B0j +BjkN
k
)
+BijB
ij
]
, (3.6)
8where
Hµ = ∇µB00 − 2N i∇µB0i +N iN j∇µBij
Hiµ = ∇µB0i −Nk∇µBik
Eijk =
1
N
[
Kki
(
B0j −N lBlj
)
+Kkj
(
B0i −NkBki
)]
F0i = ∂tAi − ∂iAt
ρ0i = ∂tρi − ∂iρt. (3.7)
Moreover, we removed odd power terms from the Lagrangian in order to guarantee that the resulting equations
of motion are homogeneous.
The actions for the s-wave, p-wave and d-wave holographic superconductors in HL gravity are
S¯S =
1
16piG
∫
dtd3xN
√
γ
[L¯F + L¯S + L¯CS ] , (3.8)
S¯P =
1
16piG
∫
dtd3xN
√
γ
[L¯F + L¯P + L¯CP ] , (3.9)
S¯D =
1
16piG
∫
dtd3xN
√
γ
[L¯F + L¯D + L¯CD] , (3.10)
respectively, from which the coupled equations of motion can be derived.
In order to derive the equations of motion, we adopt the same Ansatz as before, namely, Aν = δ
t
νφ(r),
Ψ = ψS(r), ρµ = δ
x
µρx(r) = δ
x
µrψP and Bµν = (δ
x
µδ
x
ν − δyµδyν ) r
2√
2
ψD(r). Also, to write down the equations of
motion for different wave states in an unified fashion, we introduce transformations of the fields and definitions
of the parameters in the actions given by the Eqs.(3.8), (3.9) and (3.10) as follows
• transformations in the action Eq.(3.8) for s-wave superconductor:
φ → 1 + α0 +A0(αA − αB)
q
φ, ψ → ψ
q
,
αA → 4α(1 + β)(1 + η0 +A0ηA)− α0
A0
, αB → (4α(1 + β)− β)(a + η0 + A0ηA)− η0 −A0ηA
A0
,
ω →
√
1 + η0 +A0ηA, m→ m
√
(1 + β)(1 + η0 +A0ηA); (3.11)
• transformations in the action Eq.(3.9) for p-wave superconductor:
φ → 1 + ξ0 +A0ξA
q
φ, ψ → ψ
q
, ηA → A0ξA + ξ0 − η0 − β − βη0
A0(1 + β)
,
ω →
√
1 + ξ0 +A0ξA
1 + β
, m→ m
√
(1 + β)(1 + ξ0 +A0ξA); (3.12)
• transformations in the action Eq.(3.10) for d-wave superconductor:
φ → 1 + γ0 − γAA0ξA
q
φ, ψ → ψ
q
, γ0 → η0 +A0 (ηA − γA) + β(1 + η0 +A0ηA),
ω →
√
1 + η0 +A0ηA, m→ m
√
(1 + β) (1 + η0 +A0ηA). (3.13)
9After somewhat tedious but straightforward calculations, one obtains the following unified equation of
motion in Horˇava-Lifshitz gravity
ψ′′ +
(
f ′
f
+
2
r
)
ψ′ +
(
φ2
f2
+ V¯s(r)
)
ψ = 0, (3.14a)
φ′′ +
2
r
φ′ − 2ψ
2
f
φ = 0, (3.14b)
A′′x +
f ′
f
A′x +
(
ω2
f2
− 2(1 + β)ψ
2
f
)
Ax = 0. (3.14c)
where the effective potential is
V¯s(r) = −m
2
f
+ (2− s)(s+ (1− s)α) f
′
rf
+
α
2
(2− s)(1 − s)f
′′
f
+
s(1− s)
r2
. (3.15)
Here, similarly to the case in Einstein gravity, s = 0, 1, 2 correspond to s-wave, p-wave and d-wave holographic
superconductors, respectively. The terms related to α and β indicate the effects of the breaking Lorentz
invariance in Horˇava-Lifshitz gravity. In other words, the holographic setup in Einstein gravity is restored
with α = β = 0. Additionally, inspecting the Eq.(3.15) one can see that only the s-wave state (s = 0) is
sensitive to α.
1.0 1.5 2.0 2.5 3.0
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s=0,Α=ΑBF
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s=0,Α=0.1
s=0,Α=0
FIG. 2: Behaviour of Vs for a black hole in HL gravity with rh = 1,m
2
BF = −0.01, in the three different wave states.
For this value of the squared mass αBF =
28
75
.
In Fig.(2) one can observe that the behavior of the effective potential for the s-wave state with αBF and
p-wave state is quite similar. From the Eqs.(3.14a, 3.15) the BF bound for the planar black hole in HL gravity
can be obtained for each wave state and results in a more complex relation. It is
m2BF = −
9
4
+ 5s− 3s2 + 6α− 9sα+ 3s2α. (3.16)
In general the BF bound is a negative value for the squared mass of the scalar field, however for the s-wave
state this limit becomes positive at critical value αc >
3
8 and increases linearly with α. For d-wave and p-wave
this bound is not affected by α as one can viewed in Fig.(3).
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FIG. 3: Breitenlohner-Freedman bound for s-wave (m2BF = −
9
4
+6α), p-wave (m2BF = −
1
4
) and d-wave (m2BF = −
17
4
)
states.
B. Numerical results on the condensation and the optical conductivity
Now we are in position to solve the equations of motion Eqs.(3.14a-3.14c) and to numerically study the
condensation and the conductivity of the superconductors.
Considering the background metric Eq.(3.5), the boundary conditions of Eqs.(3.14a-3.14c) read
φ = µ+
ρ
r
,
ψ = ψ1r
−(3−∆)/2 + ψ2r−(3+∆)/2,
Ax = a0 +
a1
r
, (3.17)
where ∆ satisfies
∆2 = 9 + 4m2 − 24α− 4s(5− 3s+ 3sα− 9α). (3.18)
According to gauge/gravity duality, µ and ρ are interpreted as the chemical potential and the charge density
of the theory on the boundary. Either ψ1 or ψ2 can be the source of the dual operator, and therefore
must take to be zero, while the other one is related to the vacuum expectation value of the dual operator
< Oi >∼ ψi(i = 1, 2). The optical conductivity can be read off from the asymptotic behavior of Ax as
σ(ω) =
a1
iωa0
. (3.19)
Near the horizon, the regular condition implies that φ(r → rh) = 0 while ψ(r → rh) = finite, and the
equation of motion gives Ax(r → rh) ∼ f±
iω
f′(rh) among which we will choose the infalling solution with the
minus sign. The equations then can be numerically integrated from the horizon to the boundary via the
shooting method.
We note one may rewrite Eq.(3.15) by substituting m in favor of ∆ defined by Eq.(3.18) as follows,
V¯s(r) = − (∆
2 − 9)r3 − 4r3hs
4r2(r3 − r3h)
. (3.20)
Before numerically solving the equations, we give several remarks on the properties of the system. Firstly,
Eq.(3.20) indicates that the equation of motion can be view as not explicitly dependent on the value of α,
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which measures the corrections of Horˇava-Lifshitz theory. In the next section, however, we will see that the
critical temperature depends on α.
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FIG. 4: Condensation curves ψ ∼ r−(3+∆)/2 for ∆ = 1.
Therefore, for a given α in Horˇava-Lifshitz gravity, one can always find a corresponding system in Einstein
gravity by tuning the value of m, so that the properties of condensate curve are the same. However, since β
appears in Eq.(3.14c), the conductivity of the two systems remains different.
The numerical results for various holographic superconductors are in Figs.4-7.
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FIG. 5: Conductivity for ∆ = 1, s = 0, and ψ ∼ r−(3+∆)/2 at infinity.
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FIG. 6: Conductivity for ∆ = 1, s = 1 and ψ ∼ r−(3+∆)/2 at infinity.
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FIG. 7: Conductivity for ∆ = 1, s = 2 and ψ ∼ r−(3+∆)/2 at infinity.
In Fig.4, we present the condensation of the matter field with ∆ = 1 by solving Eqs.(3.14a) and (3.14b).
We study the condensate of < O2 > by taking ψ1 = 0 because as addressed in [6], the condensate of < O1 >
is unstable due to its tendency of divergence when the temperature approaches to zero.
Moreover, we show the results of optical conductivity σ in Figs.5-7, which correspond to the behavior
for s-wave, p-wave and d-wave superconducting phases, respectively. From Eq.(3.14c), one sees that the
conductivity depends on the parameter β, which measures the breaking of the Lorentz invariance. We observe
that, as β increases, the ratio between energy gap and the critical temperature also increases. This result
agrees well with the observation in the s-wave superconductor investigated in [53, 54].
C. Semi-analytical results on the condensation
In order to gain a better understanding of the influence of the HL gravity in holographic superconductor
scenario, we have calculated a semi-analytical expression for the vacuum expectation value of the dual operator
< Oi > following the approach developed in [10, 14]. Matching the asymptotic solution for φ(r) and ψ(r)
and their derivatives in an arbitrary point zm =
rh
rm
we get the following expression for the expectation value
< Oi > as
〈Oi〉 = Π T λi
(
Tc
T
)√
1− T
Tc
√
1 +
T
Tc
(3.21)
where Π is defined by
Π =
(
z−λi+1m (2− σ(1 − zm))
λi(1− zm) + 2zm
)√
3
2(1− zm)
(
4pi
3
)λi
(3.22)
(3.23)
and σ and λi as
σ = α(2− s)(1 − s) + s(2− s)− m
2
3
(3.24)
λi =
3
2
± ∆
2
(3.25)
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FIG. 8: Condensation curves obtained from the Eq.(3.21) for some values of α and zm = 1/2 for s-wave state super-
conductor (Left) and for the three wave states with α = 3 (Right).
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FIG. 9: Dependence of the critical temperature Tc on α with m = 2 for all three wave states (Left) and for some values
of mass m and ∆ for the s-wave state (Right).
The expression for the critical temperature Tc is given by
Tc =
3
4pi
√
ρ
6
√
2
Σ
(3.26)
Σ =
s
2
+
σ(σ − 2)
2
− σ
1− zm +
λi(2− σ(1 − zm))
λi(1 − zm) + 2zm
(
1
1− zm
)
(3.27)
The results presented in the Eqs.(3.21,3.26) generalize that one in [10] for 2 + 1 holographic superconductor.
In Fig.(8) one observes that the Eq.(3.21) fails in describing the behavior of the condensate when T → 0.
However near to the critical temperature Tc the mean field theory results < Oi >∼
√
1− TTc is recovered.
For the s-wave state, the condensation becomes easier when α increases. For the p-wave and d-wave states
the condensation is not affected by α. Thus, looking at only the phase transition curves the s-wave state is
the only one that has a detectable influence of the HL gravity. Comparing the condensation among the three
wave states one can see that a d-wave superconductor condensates at the highest temperature.
In Fig.(9) one can see that just as in BF bound, the critical temperature is independent of α for the d-wave
and p-wave states. In general, Tc has an upper bound with α for the s-wave state. The horizontal lines show
the values of Tc when ∆ = 0, 1, 2.
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IV. CONCLUDING REMARKS
In summary, in this work, we study the s-wave, p-wave, and d-wave holographic superconductors dual to
a planar black hole in Horˇava-Lifshitz gravity. For the models discussed in the present work, we manage to
rewrite the equations of motion into an unified form. Numerical and semi-analytical calculations are carried
out and condensations are found for all three holographic superconductors with different wave states. The
s-wave superconductors suffer the strongest influence of HL gravity parameters. Thus, they could be used
to test the Lorentz symmetry breaking. However, the present study is limited to the case of planar AdS
background, a more general metric may likely lead to more divergent results. We did neither consider the
backreaction of the matter field, which also may imply additional nontrivial effects owing to the breaking of
Lorentz invariance. Lastly, we have only discussed the lower energy sector. As a result, many effects such
as superluminal particle and universal horizon lay beyond the scope of the current study. Nonetheless, the
calculated results show that the parameter β plays a distinct role in the properties of the optical conductivity
even for a rather simple metric. Horˇava-Lifshitz gravity is one of the theories that successfully passes all the
observable post-Newtonian test via solar data. In this context, the findings of the present work somewhat
indicate that the measured optical conductivity can be utilized to quantify the breaking of Lorentz invariance,
and therefore shed some light on further discrimination between different theories.
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